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Abstract: This is a short note for analytical number theory, introducing some significant arithmetical functions
which we use the methodology in mathematical analysis to get a better understanding of the prime distribution
on large scale, say when the prime is approaching infinite. This note can used as a brief description for a number

theory beginners, or also be used as a short review or check list for student in analytical number theory.

References: This paper is a knowledge combing of «A Friendly Introduction to Number Theory» by J.H.
Silverman and «Introduction to Analytical Number Theory» by T.M. Apostol.

1 Introduction

To study the distribution of prime numbers on a large scale, we need to know several important
arithmetical functions, and understand the behavior of these functions about prime numbers through
analytical methods. The arithmetical functions are deinfed as A real- or complex-valuued funtions which

domain is the positive integers, which f : N — C, we also call such function as number-theoretic funtion.

2 The Mobius’s pu(n)
Definition 2.1 The Mobius’s funtion u defined as:

n(1) =1

if n > 1, by unique factorization theory we have n = pi'p5?...pp*.

% ifa;=1,Yi
M(n):{u), fai=1Y

0, otherwise

Theorem 2.1 Vn € N we have

B )L difn=1
Zu(d)[l/n]{ S

d|n

Proof

> uld) = p(1) + p(pr) + -+ p(pr) + p(P1p2) + - + H(Pr—1Pk) + - + p(P1P2--Pk)

k k k
1+<1>(1)+<2>(1)2+...+<k>(1)’€(11)ko O



3 The Euler’s totient ¢(n)

Definition 3.1
e(n) ={(a,n) =1,1 < a<nj

Euler totient function is defined to be the number of positive integers not exceeding n which are relatively

prime to n.

Theorem 3.1 Vn > 1, we have
> pld)=n
d|n

Proof We define A(d) := {k : (k,n) = d,1 < k < n}, notice that if f(d) := [A(d)], then >_,, f(d) = n.
We know (k,n) = d, if and only if (k/d,n/d) = 1. Which is easy to find f(d) = ¢(n/d), hence we have
2_djn #(n/d) = n, which is equivalent to the statement -, ¢(n) = n. O

Theorem 3.2 Vn > 1, we have
n
p(n) =) _p(d).
d|

Proof

k=1d|n,

Y

|k

for fixed d|n, we sum over k < n in the form k = ¢d for some q with 1< q < n/d, we have

n/d n/d
pn) =D pld) =D pld) Y 1= pld). O
dln g=1 d|n q=1 dn

Proposition 3.1 FEuler’s totient satisfies:

(a) o(p*) =p* —p*>L for p a prime and a>1.

() (zy) = o@)p(y)(/9(2)), where = = (z,3).

(c) if alb, then @(a)|o(b).

(d) 2|e(n), ¥n > 3. Moreover, if n has r disinct odd prime factors, then 2" |p(n)

Proof We give a proof one by one
(@) @) =p*—H(a,n) # 1,1 <a<n}| =p* = {p,2p,..p" 'p}| = p* —p*~".

al, a2

(b) By unique factorization, n = pi'ps>...p;*. Consider the product
k

[To-=Tla--)

pln =1 pPi

Where p1,po, ...px are the distinct prime divisors of n. And by Theorem 3.2 we have

o)=Y (@’ =3 1D
d|n d|n

:n(1—zp%_+z ! -3 ! +...+¢)

PiDj DiDP;jPr Pip2..-Pk




The product like

p,plp is represented as all possible producties of disinct prime factors of n taken
iP;Pr

k
three at a time, and there should be 5 fractions in this sum. The sum is one divisor of n, and the

molecule is actually the Mobius’s value of the divisor.

Hence we have

pln

We have the fact that if p is prime, we have d|zy = d|x or d|y, also p|x and p|y = p|(x,y). Hence

p(zy) 1 L= YI,,0-1) oW

z

plzy

(¢) Jcwherel <c<b, st. b=ac. If c=b,then ¢(a)=1, trivially satisfied
If c<b, from (b) we have

By induction, the result (c) is hold for b = 1. Supppose it holds VN < b, then ¢(d)|¢(c) since d|c, hence
we have ¢(a)|p(b) as required.
(d) if n has no odd prime factors, then n must has a form of 2% for some a > 1, and by (a) shows that

»(2%) is even for a > 2. If n has at least one odd prime factor, by the proof in (b) we have

p—1 n
n)=n||— = -1
o(n) p|n| » " Tp [[-D

pln

Notice that HT > is a integer, and [ ], (p — 1) is even with an even factor(p; — 1), where p; is the only
one odd factor of n, hence ¢(n) is even. Moreover, one odd prime factor contributes a factor 2 to the

product, so we proved 2" |p(n) if n has r disinct odd prime factors as required. ([l

4 The Mangoldt’s A(n)

Definition 4.1 Vne Z,n > 1

logp, ifdm>1,st. n=p™
A(n) = :
0, otherwise

where p is a prime.

Theorem 4.1 VYn > 1, we have

log n = Z A(d)
d|n
Proof For n = 1, the proof is trivial. Now consider n > 1. By unique factorization we have
T
n= H pRE
k=1
Hence

kA
log n = Zak log pi
k=1



Recall the sum }°, , A(n), we only count nonzero terms, we have

rooak r
ZA(n) = Z Z Alpi) Z Z log pr, = Z ailog pr = log n
d|n

k=1m=1 k=1m=1

ai, az

In Mangoldt’s, all the number smaller than n = p{'p52...p;*, only those with the form p}* have nonzero

value, where m runs over from 1 to ax, k runs over from 1 to r.

Lemma 4.1 Mobius inversion formula
implies

Recall Theorem 3.1 and Theorem 3.2.
n= Z o(d) and o(n Z d,u
d|n

Theorem 4.2 Vn > 1, we have

n) = > uld)logZ = =" p(d)log d
d|n

d|n

Proof By Mobius inversion formula

=" nld)logs = logn'Y_ u(d) = > p(d)log d
d|n d|n

d|n

where log n 3, p(d) = 0.

5 Liouville’s A\(n)

Definition 5.1 We define \(1) =1, and

k
M Tr) = ()=
i=1

by unique factorization n = p{*p3®...pp* for some primes p; and a1 > 1, then A\(n) =

Theorem 5.1 Vn > 1, we have

Z)\(d) _ 1, ifnis .a square
0, otherwise
d|n

Also, \=1(n) = |u(n)| for all n, where u(n) is Mobius’s.
Proof Let g(n) := Zd‘n A(d), consider

=D Ad) =1+ Xp) + AP?) + ... + A(p")
d|p®

1, if2
:1—1+1—...+(—1)a:{ » if2]n

0, if2{n

So if n = Hle P, by the multiplicativity of A(n), g(n) is also multiplicative and we have g(n)

(_1)al+a2+---+ak .

O

Hle g(pi*), to make g(n) = 1, all the exponents a; must be even, if there is one odd and the product

will be 0. This shows that g(n) = 1 if n is square, and g(n) = 0 otherwise. Also, A~!

12(n) = |p(n)].

O



6 The divisor function o,(n)

Definition 6.1 For a € R or C, and Vn > 1,n € N, we define o,(n) as the sum of ath powers of the

divisors of n.

Ta(n) =Y d*
d|n

The number of divisors of n denoted by

d(n) := oo(n)
The sum of divisors of n denoted by

o(n) :=o1(n)

Since o,, is multiplicative we have

k k
oo 2f") =] oalpi®)
=1 i=1

To compute a single term like o, (p*), we know the divisors of prime power p® are 1,p,p?,...,p%, hence

0o (p?) = 1%+ p* + p?a + ... + pa
_ | B a0
a+1, ifa=0
Theorem 6.1 Forn > 1, we have

o5 (n) = Y du(d)u(5)

d|n

7 Prime counting function 7(z)

Consider 7(z), as the number of primes not exceeding x for some x > 0. By Euclid’s proof by
contridiction, the number of primes has no upper bound, thus w(x) — oo as & — oco. The equation

describe behavior of 7(z) as x goes large is the Prime Number Theorem.

Theorem 7.1
lim m(x)log x _1
T —00 €T
In which, an equivalent way
W(x)Nlogx as r — o0

We say that w(x) is asymptotic to x/log x. Also, the prime number theorem is equivalent to the asymptotic

formula

The Prime Number Theorem will be introduced in section 10



8 Chebyshev’s ¥(x) and ¥(x)

Definition 8.1 For x > 0, we define

Recall Mangoldt’s A(n) only counts when n is in the form of p™ where p is prime and m > 1. So in

Chebyshev’s ¥(x), the function value is nonzero only if there is some N s.t. p™ < x given. Which is

1/m

required that p < 2'/™. When m runs from 1 to co in the sum, the sum on p will be zero since z'/% < 2,

which is (1/m)log = < log 2, or if m > logs x.

Therefore we now have
)= > Y logp
m<logex p<gl/m
Definition 8.2 For z > 0, we define
Ha) = Z log p
p<z
where p runs over all prime < x, and it is clear that we have
d(x)= Y B
m<logax

Theorem 8.1 For z > 0, we have

@) 0) _ (log )

0< —
-z x T 2+/xlog 2

I(z*/™) we have

Proof From ¢(z) ="

m<logzx
0<(x) —d@)= Y  I@/™)
2<m<logsa
Recall the upper bound of Chebyshev’s ¥(x)
Ix) < Z log z < zlog x
p<z

First inequality is because log p < logz Vp < x, second is trivial that p < z, so

0< U@ —d@) < 3 2V Mlog(a!/™) < (logsa)v/alogy/ =lozxﬁlow— (tog )"

2<m<logazx log 2 2 2\/5log 2
Theorem 8.2
0
lim (L(z) - 7(10)) =0
T—00 €T x
Proof This is trivial by Theorem 8.1 and apply Squeeze Theorem. 0

9 Abel’s identity A(x)

Definition 9.1 For any arithmetical function a(zx), we defined

A(z) =0, Vz < 1



Theorem 9.1 Assume f : [y,z] — C is differentiable, we have

y
S atw)fn) = A@)f(x) - AW w) - [ AWDF O
y<n<z x

Proof Notice all arithmetical function defined on N, so first let k := [x] and m := [y]. So A(x) = A(k)
and A(y) = A(m), and by the definition of A(z) we have

> am)fn)= Y a Z {A(n) — A(n —1)}f(n)
y<n<z n=m+1 n=m+1

By distributive, and with the fact that Zn me1 Aln—=1)f(n) = Zi;ln A(n)f(n+1), we have

k k—1 k—1
D Amf() = D A f(n+1)= > Am){f(n) = f(n+ 1)} + Ak)f(k) — A(m) f(m + 1)
n=m-+1 n=m n=m-+1

n+1

notice that f(n) — f(n + 1) can be replaced by — [ '(t)dt, therefore

k—1 n+1
Y amfn)=- Y A / F'(®)dt + A(k) (k) — A(m) f(m + 1)
y<z<z n=m+1 n

k—1

n+1
—= Y [ AWF©dt+ AR - AGm)fn + )
n=m+1Y"
k

m+1
= [ awrwa s awie - [ AWIw - [ AW @

m+1

— A@)f(x) - AWw)f(y) - / At (1)t

Y

In the penultlmate line, we use the fact that A(k)f(k) = A(k)f(k) — A(z) f(z) + A(z) f(z) = A(x) f(z) —
[ A t)dt, and the same as A(m)f(m + 1). O

Proof The Proof for Abel’s identity can also be done by Riemann-Stieltjes integration, consider

A(x) is jump a(n) at each integer n, the sum can be written as Riemann-Stieltjes integral

/fdA

= f(2)A(z) = f(y)Aly) -

y<n<z

Theorem 9.2 For x > 2, we have

t
_ 9(=) v ()
m(w) = log +/2 t lothdt

Proof Let a(n) denote the counting function of primes

1, ifif nis prime
a(n) = .
0, otherwise .



By the definition, is clear to see

Ha) = Z log p= Z a(n)log n

p<zx 1<n<z
m(x) = Z 1= Z a(n)
p<z 1<n<zx

Recall Abel’s identity and take f(x) =log x

S alm(n) = A@) (@) - AW f) - [ AOF e
W) = Z a(n)log n = w(x)log x — w(1)log 1 — /j @dt

2 T
=7(x)log x — w(1)log 1 — /1 @dt - /2 @dt

=7(x)log x — /; @dt

where 7w(t) = 0, Vt < 2. Then we define b(n) := a(n)log n , again by the definition
I(x) = Z b(n)
n<z
1
Y. bn)

log n
3/2<n<x

m(x)

Here we sum n from 3/2 not from 1 in 7(z), is seems nothing change with previous value, but in Abel’s
identity, this summation interval avoids infinity where '1/log 1'not exists. We take f(z) = 1/log x and
y = 3/2 in Abel’s identity and we get

_ 9@ 9B/2) [T ()
m(w) = logxz log3/2 + /3/2 tlog? tdt
dx)  9(3/2) /2 o(t) /I v(t)
log x log3/2 + 32 tlog? t + 5 tlog? t

_ (=) / ° o)
+ dt
2

~log x tlog? t

10 Prime Number Theorem

Theorem 10.1 The following relation are logically equivalent

lim m(z)log x

T—00 T

Dop<zlogp .

=1

lim ﬁ = lim

r—oo I T—00 T
Az
fm Y@ _ oy Znsa 4@
r—oo I T—00 T
Proof For x > 2, by Theorem 9.2 we have
J(z)  m(z)logx l/z @dt
r T x )y T
m(x)logx  IH(z)  log x /w J(t)dt
Jr
x x x  Jy tlog?t



For limy_s ’T(I)glﬂﬂ = 1, implies % = O(ﬁ),‘dt > 2, so we have

1 [“x(t 1 (/% dt

_ / Mdt — O(, / )

TSy x Jy logt
Now consider the upper bound

/I dt _/ﬁ dt +/1 dt VT w—\E
o logt Jy logt vz logt = log2 = logy/x

Hence

which we have

(W(x)log z 1 /x wdt) _ im m(x)log

To show the other side, we can follow the same step, from lim,_, @ =1, we have 9(t) = O(t), so

log x /m I(t)d(t) _ ol x)/f dt

T t log3t T log?t

Now consider the upper bound

T dt Ve dt T dt N
loa?t a7 5S35 73
5 log?t 5 log?t vz log? t = log? 2 log*\/x

. logx [T dt
lim =0
zoo0  x Jy log?t

Hence

which we have

l 9 l T 9(t)dt 9
i TNL gy (K0 R0 2 U iy KO
T—00 x z—00 T x 9 t log2t r—00 I
By Theorem Theorem 10.2, we have proved that lim,_, 19(;) =1 and lim,_, wgf) = 1 are equiva-
lent. O

Theorem 10.2 Let p,, denote the nth prime. The following asymptotic relation are equivalent

lim TENIT gy
T —00 €T
lim w(z)logm(x) 1 @)
T—00 €T
lim —2% =1 (3)

n—oo nlog n

Proof We give the proof by showing (1) = (2) = (3) = (2) = (1)
Asuume (1) holds, we have

l
lim log(w) = lim [logm(z) 4 loglog = — log x] = logl =0
T—00 €T T—00
which
lim [log m(logw(x) loglog = 1) = 0
500 log x log



We know lim,_, o, log x = oo, it must follows that

) logm(xz) loglog x
lim
z—o0  log x log x
lim logm(x)
z—oo log x

~1)]=0

=1

together with (1) gives us (2). Now we asuume (2) holds, we know by definition w(p,) = n, let z := p,
then we have

m(z)logm(x) n logn

lim = lim =1

T—00 T n—oo Py

which is trivial, we now prove the other side, assume (3) holds. For fixed x given, we define n by letting

pn and py41 be the closest two primes to z, that is

DPn S x S Pn+1
such 7 is unique and we have u = m(x), consider the upper bound of a fixed n in (3)

o & Prs1 Dnt1 (n+ 1)log (n+1)
nlogn ~nlogn mnlogn (n+1)log (n+1) nlogn

Taking x — oo and apply squeeze theorem we have
x x
li =lm —— =1
nesoo 71 log n 2100 m(z)logm(x)

Finally we show (2) = (1), from (2) we have

lim log(M) = lim (logn(z) + loglogm(x) — log =) = logl =0

n— oo xT —00

which
loglogm (x) log

lim ([ 1 - =0
:rggo[ ogm(@)(1+ logr(x) logr(x) )
We know lim,_,, log £ = oo, it must follows that
) loglogm (x) log x
lim (1 - =0
zin;o( * logrm(x) logr(x) )
m logx
z—oo logm(z)
together with (1) gives us (2) O

Lemma 10.1 Legendre’s identity. For every x > 1 we define

then we have

2t =] o)

where p is prime and the product is extended over all primes < x, and it is clear that the sum for a(p)
is finite since [x/p™] = 0,Vp > x.

Proof Recall Mangoldt’s A(n) = 0 is nonzero ouly if n is in the form of p™ for some prime p and m > 1

and A(p™) = log p, so we have

loglel! = > M)l = 3 D[ Cliog =3 alp)iog p u

n<x p<zm=1 p<zx

10



Theorem 10.3 Consider the upper bound and lower bound for fited n > 2,n € N,

1 n

<m(n) <6

6 log n log n

Proof Notice the inequality
2n
@)t _ [ 2n 2n 9
"< E =(14+1)"=4"
= nlnl n < — k (L+1)

n log 2 <log(2n)! — 2 log n! < n log 4

which is

By Lemma 10.1, we deinfed

and we have

Hence

= m(2n)log 2n

which gives us

n log 2 2n  log 2 2n 1/2 1 2n
w(2n) > = _
log 2n log 2n 2 log 2n 2 4 log 2n
1 2n 1 2n 2n+1 2n+1

we have

(1)

2n+1

m(2n+ 1) >m(2n) > = > — >

1 2 1
4log2n = 42n+1log(2n+1) = 4 3log(2n+1) 6 log

That is one side of the inequality

1 n

m(n) > =

6log n

To show the other side, recall (1) and extract the term to m =1

L 2
[t 2]

log(2n)! — 2log n! = Z Z { 2n - 2 ]}log D

p<2n m=1

> Z{Qn —20y " Hog p

p<2n

3 {2; ~2(2]}iog »

n<p<2n

= > logp

n<p<2n

= 9(2n) — 9 (n)

11

(2n+1)



Recall Chebyshev’s ¥(x), and the inequality at the beginning of the proof n log 2 < log(2n)! — 2 log n! <

n log 4 gives us

9(2n) —Y(n) < nlog 4
9(2"TH) —9(27) < 2"log 4 = 2" og 2
P2 = 9(25H) —9(1) = [9(25H) —9(28)] + [9(2°) — 925 )] + .. + [9(2%) - 9(2))]
< 2" og 24+ 2Flog 2+ ... + 2%log 2
< 28 0g 2 4+ 2F1log 2+ ... + 2%log 2 + 2log 2
= 282109 2

Now we fixed unique k, s.t. 2¥ < n < 2¥+1 and we obtain
I(n) <921 < 28 210g 2 < 4n log 2
Consider 0 < a < 1 we have

(m(n) — w(n%))log n® < Z log p < ¥(n) < 4n log 2
n*<p<n

4n log 2
dnlog2

m(n) < m(n®)

[e3

alogn
4n log 2
alog n
n ,4log2 logn

g + g

(

logn" « nl-a

)

With the fact that Ve > 0, Vo > 1, n=¢log n < 1/(ce),Vn > 1. Taking oo = 2/3 we find

n

3
m(n) < L(G logQ—&-g) <6

logn logn

Which is the other side of the inequality. O

Theorem 10.4 Forn > 1 with p,, denotes the nth prime, we have

1 12
5" log n < p, < 12(n log n+n log —)
e

Proof Let k := p,, then by definition k¥ > 2 and n = 7(k), from Theorem 10.3 we have
k n
6 p

— (k) < 6 -
n=m(k) < log k log pn

So

> ! l > ! l

n > =n log p, > =nlogn

D 6 g p 6 g

which is the lower bound of the inequality, to show the other side, again with Theorem 10.3
I k1 py

n=m(k) > élogk _glogpn

So

Pn < 61 log pp

12
VPn < ?’I’L

12



with the fact that log z < (2/e)y/z, Y > 1. Hence

v/ 12
py2 = ¥ 22
n e

1 12

— log p, < log n+log —

2 e

Finally, with p,, < 6n log p,, gives us

12
Pn < 61(2 log n+ 2 log—)

e

which is the upper bound of the inequality.

Waiting for replenishment...
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