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1 Introduction
...

2 Category Theory

2.1 Category
Definition 2.1 (Category) A category C consists of a collection ob(C ) of objects, and ∀A,B ∈ ob(C ),
there is a collection C (A,B) of morphisms from A to B. With following three axioms satisfied:
1. Compostion: ∀A,B,C ∈ ob(C ), if f ∈ C (A,B) and g ∈ C (B,C), then there is a function
g ◦ f ∈ C (A,C) called compostion of f and g.
2. Associativity: (h ◦ g) ◦ f = h ◦ (g ◦ f), ∀f ∈ C (A,B), g ∈ C (B,C), h ∈ C (C,D).
3. Identity laws: ∀A ∈ ob(C ), ∃1A ∈ C (A,A), called the identity of A. And ∀f ∈ C (A,B), we have
f ◦ 1A = f = 1B ◦ f .

Example 2.1 (Category of Sets: Set) For a category C , where ob(C ) is a collection of sets, here we
consider each set as one object, no matter the cardinality of it. Given two set A and B ∈ ob(C ), the
mapping or morphism between two sets is exactly a function from A to B. Together with all the sets we
have and the functions between each two sets we call them Set, the category of set.

Example 2.2 (Category of Groups and Rings: Grp and Ring) We have a collection of groups, and a
morphism between every two given group G and H which is so-called group homomorphism. Then all
these groups together with the group homomorphisms are called category Grp of groups. Similarly, there
is a category Ring of rings and ring homomorphisms.

Example 2.3 (Category of Vector Spaces over field k: Vectk) For a field k, Vectk consists the vector
fields over k and the mapping between two vector spaces H to W which will be the k linear transformations
from H to W , i.e. L(H,W ).

Example 2.4 (Category of Topological Spaces: Top) There is a collection of topological spaces and the
mapping between topological spaces are continous maps. Together the topological spaces and maps are
called Top.

The ’Category’ is not a unique object but a structure of mathematical objects. For instance, Group is
something in a set satisfy associativity and there is an identity and inverce under specific operation, the
set in definition of group can be anything, they could be functions, person, computer program, formula
for Rubik’s cube... So similarly, here the category of some mathematical object is not represent all these
object in the collection. You can construct any category you want with few objects as long as you give
the morphisms and they satisfy the axioms.

Take Set as example, the category of set not necessarily contain all sets, if you construct a category
with limited number of sets, it still called Set.

Example 2.5 (Category of nothing: ∅) There is a collection of nothing and no morphisms between
nothing, these called empty category ∅.

Example 2.6 (Category of one object: 1) There is a category 1 with only one object in the collection
and only Identity map.

Example 2.7 (Discrete Category) A category C is discrete if ∀A,B ∈ ob(C ),C (A,B) = ∅. This does
not mean there is no mapping in C , notice that 1A ∈ C (A,A), ∀A.

2



Example 2.8 (One object category constructed by a group) A group actually is a one object category.
Differ this from category 1 that 1 has only identity but for group one element in it is a morphism. Let
us put in a clear way. We have a group G = {e, g1, g2, ...}, consider a category C that ob(C ) = G, the
identity morphism in C (G,G) is actually e ∈ G:

e(G) = e ·G = {e · e, e · g1, e · g2...} = {e, g1, g2, ...} = G

and ∀g ∈ G, g(G) ⊆ G from the closure of group structure, if |G| < ∞, then g(G) = G, ∀g ∈ G. The
corresponding table below helps you to understand the isomorphism between mathematical structure.

Category C with single object A Group G

Maps in C Elements in G

◦ in C · in G

1A ∈ C (A,A) eG ∈ G

We remark that the category of one mathematical object is a collection of some structural objects not
necessarily all the objects, and we provide a example say one object category of group.

Now we put our focus into the morphisms in category, given A and B as object of category C ,
the mapping in C (A,B) should not necessarily be so-called functions or transformations, we name the
morphisms as transformations it is because for f ∈ C (A,B), we have f(A) = B, gives us feeling that the
morphism f trans A into B.

We should consider it more abstract, the type of f(A) = B is actually a one directional relation of A
and B. If f is not some machine but a not comprehensive statement, for example: f := ’is bigger than’,
then f(A) = B is a full statement:

f(A) = B ⇐⇒ A −→ B ⇐⇒ A is bigger than B

Consider mapping as relation between different objects is one of core idea in category theory, it is a
great abstraction and acrroding to this we can find many isomorphism between different mathematical
structures.

Definition 2.2 (opposite category) a category noted C op is said to be the opposite or dual category of
given category C , it has exactly the same object with all the arrows in C reversed, thas is:

ob(C op) = ob(C ) and C op(B,A) = C (A,B)

2.2 Functor
Definition 2.3 (Functor) We say a map of categories F : C −→ D is a functor, if it sends every A in
ob(C ) to a F(A) in ob(D) and a morphism f : A −→ B of C to a morphism F(f) : F(A) −→ F(B) of
D , while satisfies two axioms that

F(idA) = idF(A) and F(g ◦ f) = F(g) ◦ F(f)

where A ∈ ob(C ) and f, g ∈ mor(C )

The fundamental group map π1(∗, ∗) can be considered as a functor from the category of topological
space with the basepoint Top* to Grp. For any topological space X with a basepoint x specified, the
functor send the pair (X,x) ∈ ob(Top*) to its fundamental group π1(X,x) ∈ Grp, with give us the
algebric structure of the loops start at basepoint x in space X. In this case any f ∈ Top*(X,Y ) not
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only a continous map from X to Y but also a basepoint-preserving f : (X,x) −→ (Y, y), with its image
under the functor π1(f) : π1(X,x) −→ π1(Y, y).

For examples apart from algebric topology, we have forgetful functors from Grp to Set which just
by its name, the group forgets its structure under the operation but keep its members as a set. And free
functors can be considered as dual functor of forgetful, send a set to a group with an operation and add
more elements in the set to make it a group.

One type a functor is widely used in categorical language, for a locally small category C and A ∈ ob(C ),
we have HA = Hom(A,−) : C −→ Set. The morphism functor send every element X in the category
to the morphism set Hom(A,X), which is the set of all morphisms from A to X. And the morphism
map under functor is HA(g) = Hom(A, g) : Hom(A,X) −→ Hom(A, Y ), simply by f 7−→ g ◦ f for all
f : X −→ Y.

But if the postion of given A ∈ ob(C ) switch then everything changed. For similar morphism functor
HA = Hom(−, A), the narrow preserving diagram make no sense, the image HA(g) cannot be defined
for certain g ∈ Hom(X,A), so the functor is actually defined on the opposite category of C , that is,
HA = Hom(−, A) : C −→ Set (See diagram below). This gives us the motivation to define the special
functor on the opposite category.

X Hom(X,A) X A

Y Hom(Y,A) Y

X Hom(X,A) X A

Y Hom(Y,A) Y

HA

f

g

f

HA

cannot

define

HA g

f ′

HA

f ′ g◦f

Definition 2.4 (contravariant functor) Let C and D be categories, a functor C op −→ D is said to be
the contravariant functor from C to D .

2.3 Natural transformations
We have defined the categories and functors as the mapping of two categories so far, the definition of

functors is actually equivalent to say the diagram below commutes.

C X

F(X) G(X) H(X)

Y

D F(Y ) G(Y ) H(Y )

F

G

H

F G H

f

F(f) G(f)

F G
H

So it is so natural to define a new mapping to fill in the gaps in the dashed line at the base of the triangle.
To be precise, we have to make the bottom rectangular commutes. Such mapping between two functors
comes up in a natural way thus we call it natural transformations.
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Definition 2.5 Given two categories C and D , and two functors F ,G : C −→ D , the natural trans-
formation is a map of functors α : F −→ G, which consists a morphism αX : F(X) −→ G(X) for all
X ∈ ob(C ) such that for all f : X −→ Y , the following diagram commutes

F(X) F(Y )

G(X) G(Y )

F(f)

αX αY

G(f)

2.4 Limits and colimits
Now we introduce two of the most important and powerful concepts in category theory. Limits and

colimits give us a way to discover the mathematical structure universally and uniquely. Both of them are
defined after a special functor.

Definition 2.6 (Category-shaped diagram) Let C and D be category and small category. The functor
F : D −→ C is a D-shaped diagram in C .

We have the category D [C ] called D-shaped diagram category in C where Hom(F ,F ′) are the natural
transformations. And our limits will be defined in the image of one specific D-shaped diagram in the
category C . We already know for any two D,D′ ∈ D , the image of F make the rectangular commutes.
Moreover, for fixed A ∈ C , it should be commutative with every image of elements in D under the
functor.

Definition 2.7 (Cone) A cone on the D-shaped diagram functor F consists a vertex A ∈ ob(C ) and the
family of maps in mor(C ) fi : A −→ F(Di) where i ∈ I, Di ∈ ob(D), such that ∀gi : Di −→ Di+1 in D ,
the cone diagram commutes:

A

F(D1) F(D2) F(D3) F(D4) (D5) F(Dk−1) F(Dk)

f1 f2 f3 f4 f5 fk−1 fk

F(g1) F(g2) F(g3) F(g4) F(gk−1)

We denote this cone as (fi : A −→ F(Di))i∈I . Such cone-shaped structure is easy to find in any
category and the number of such cones is large. So what we want to find is a so-called best cone which
can represented as the top cone of every cone and give us an universal structure of the category.

Definition 2.8 (Limits and colimits) The limits of F is a vertex of the cone (ϕi: limF −→ F(Di))i∈I

satisfying that for any cone of F : (fi : A −→ F(Di))i∈I , there is a unique map in mor(C ) f̃ : A −→ limF
such that ϕi ◦ f̃ = fi, ∀i ∈ I. The colimits is the dual of limits which is defined by reversing arrows.
These are equivalent to say such diagram commutes for the simple case of any two D1, D2 ∈ ob(D):

limF colimF

A A

F(D1) F(D2) F(D1) F(D2)

ϕ1 ϕ2

g̃f̃

f1 f2

F(d1)

φ1

g1

F(d1)

φ2

g2
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In categorical way, for one D-shaped diagram functor F , the image category C can considered as the
category with objects are the vertex of cones defined on the functor F , and limF is the terminal object
while colimF is the initial in such category.

3 The fundamental groupiod

3.1 Homotopy equivalence
For the category of topological space with basepoint Top∗ we mentioned before, its objects consists

a pair (X,x). The morphisms in Top∗ only continously send space X to Y but also preserve the chosen
basepoint x to y. In such case, the fundamental group is a functor π1(∗, ∗) : Top∗ −→ Grp, where Grp
is the category of groups with group homomorphisms. For a topological space take the homotopy class
as the equivalence relation, a two path from x to y in space X should be considered as one if they in
same homotopy class. But a path also can be considered as a morphism from x to y, we are saying in a
categorical way, the morphism in category is equivalent to a path in topological space, that is:

HomTop∗(x, y) ∼ {γ ∈ C0([0, 1], X)|γ(0) = x, γ(1) = y}

Under this intuition, for any category C , take all the morphisms as paths, we define the homotopy
category hC as the category with the same objects as C but with morphisms under the homotopy classes
of maps.

Definition 3.1 (Homotopy category) For any category C , the homotopy category hC is a category which

ob(hC ) = ob(C ) and mor(hC ) = mor(C )/[homotopy class]

For the unbased topological space category U , recall a homotopy equivalence of topological space
X,Y ∈ ob(U ) is equivalent to the existence of f ∈ Hom(X,Y ) and g ∈ Hom(Y,X) such that g ◦ f ' idX

and f ◦ g ' idY . That is actually saying a homotopy equivalence in U is an isomorphism in hU .

Proposition 3.1 A group isomorphism f∗ ∈ HomGrp(π1(X,x), π1(Y, f(x))) with independence of the
choice of basepoint x is induced by the homotopy equivalence f ∈ HomU (X,Y ).

Proof Let □

3.2 Fundamental groupiod
Now we introduce a new mathematical construction, the groupiod. The name groupiod is come from

the algebric structure group but more general. A group can consider as a one object category in the very
first example in category, for a singleton {∗} we have all its automorphisms as a group, which means
the category with single object ∗ a point and all the elements in group as the morphisms in category.
Groupiod is defined similar to this but on more than one objects.

Definition 3.2 (Groupiod) A groupiod (G, ◦) is a category which every morphism is isomorphism.

It is not hard to see a group is a groupiod, but the reverse is not. More clearly for A ∈ ob(G) where
G ∈ GP we have HomG(A,A) = Aut(A) is a group and a one object category. One fact is obvious that
the category GP is a category of categories, so every morphism is a functor.

Recall the definition of fundamental group, which is strictly dependent on the choice of base point x0.
Somehow we know for a path-connected space X we have π1(X,x0) ∼= π1(X, y0), but this is according
to the choice of the path from x0 to y0, thus we still cannot say ’the fundamental group of X’ but ’the
fundamental group of X on the point x0’.

This comes out as the motivation to define a new fundamental structure on the generalization of
groups.
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Definition 3.3 (Fundamental groupiod) For a topological space X and x, y ∈ X. We have Path(x, y) :=
{γ ∈ C0([0, 1], X)|γ(0) = x, γ(1) = y}. The Fundamental groupiod of a topological space X is a category∏
(X) where ob(X) = X, and Hom(x, y) = Path(x, y)/ ∼, where ∼ is the equivalence relation under

homotopy class respect to the chosen two points.

You should verify it quickly and easily that

Hom∏
(X)(x0,x0) = π1(X,x0)

The construction of fundamental groupiod will give us convenient way to study the structure of a
topological space. Any continous map f : X −→ Y induces a group homomorphism f∗ : π1(X,x0) −→
π1(Y, f(x0)) while we have to pick f(x0) properly. However the advantages of groupiods gives us a in-
duced functor

∏
(f) :

∏
(X) −→

∏
(Y ) and this is more clean and formal. The diagram below show the

difference between fundamental groups and fundamental groupiods. Both π1 and
∏

are functors but
groupiod induces functor (It is ok that you may think π1(f) is also a functor because group is one object
category, but this brings us nothing new to describe the structure of space and we still have the hindrence
to find the basepoint).

Top∗ Grp {∗} ∈ obTop∗ Top∗ GP

X π1(X,x0) x X
∏
(X)

Y π1(Y, f0) f(y) Y
∏
(Y )

π1

f π1(f)

π1

f

∏
f

∏
(f)

π1 π1
∏

4 A generalization for van Kampen Theorem

4.1 Formal van Kampen Theorem
So far we know some fundamental groups of simple topological space. The idea is that we shall

consider different topological space are constructed by those simple objects and figure out a formula to
compute those fundamental group from what we already know.

Before we get into the theorem, let us first image what the fundamental group of space X will be if it
can be decomposed into two open sets both path-connected and contain the basepoint. Take the shape
∞ as example it can be decomposed into the union of two S1 and the basepoint is the intersection of
two S1s. At first guess π1(∞) somehow should be the product group Z × Z or the direct sum Z ⊕ Z.
But both of these is commutative, contradicts to the fact that once you get into a S1 from basepoint you
must finish the loop before you get into the other S1. In mathematical words, if a2ba represents go twice
conter-clockwise in left S1 then go right S1 and left again, this path should be distinct and never be the
same as a3b.

So in general, given a collection of open sets Aα which our topological space X can be decomposed to,
we wish to construct a single group containing all π1(Aα) as subgroups with non-commutative structure.
That introduce the free product of groups.

Definition 4.1 (categorical free product of groups) Let (Gi)i∈I be a family of groups. The free product
∗i∈IGi is a group satisfying the universal property:

∃homomorphisms ιj : Gj −→ ∗i∈IGi, s.t.

For any group H and any family of homomorphisms fj : Gj −→ H,

∃!homomorphism φ : ∗i∈IGi −→ H making the diagram commute ∀j ∈ I

7



Gj ∗i∈IGi

H

ιj

fj φ

The definition is under categorical language and it may be abstract. For a formal definition we have
to construct the free product of any family of groups by defining the ’words’ in the product. Here is an
example for an equivalent constructive definition

Definition 4.2 (formal free product of groups) For a family of groups (Gi)i∈I , a word is a finite sequence
s1s2...sn, where sk ∈ Gi\{e} for some i ∈ I. A word is said be reduced if any two adjacent letters
sisi+1 belong to different groups. The free product ∗i∈IGi is the group that elements are reduced words
concatenated by the following reduction rules:
i). If adjacent letters belong different groups, simply concatenate.
ii). If adjacent sisi+1 from the same group Gi, replace them with the result of their product si ◦ si+1 ∈ Gi

where ◦ is the operation for specific Gi.
iii). Remove the product if si ◦ si+1 = ei ∈ Gi.

The two definitions are exactly the same but with different mathematical language. All is trying to
say the free product group is also a group and it contains all the elements of the groups in our family.
It allows us to represent the fundamental group by decomposed the space into many open pieces and
remain the non-commutative structure.

Theorem 4.1 (van Kampen) If X is decomposed as the union of path-connected open sets Aα, with each
containing the basepoint x0 ∈ X and Aαi ∩ Aαj is path-connected for any two, then the homomorphism
φ : ∗απ1(Aα) −→ π1(X) is surjective.

4.2 Categorical van Kampen theorem
One of our purpose is to introduce homotopy theory from categorical language, a potential way to do

that is to find the equivalence between different mathematical description to same topological object or
theorem. The van Kampen theorem is a good example.

Let O = {Ui}i∈I be a cover of the space X where every Ui is path connected open subsets and
∩|K|<∞
i∈K⊆IUi ∈ O, which means the intersection of finitely many subsets in O is again in O. O can be

considered as a category with objects are those open subsets and morphisms are the inclusions between
sets. In such way the fundamental groupiod functor restricted to the space and maps in O sends us to the
category of groupiod, that is,

∏
|O : O −→ GP. And what van Kampen theorem says in most general

categorical words is the fundamental groupiod is the initial objects in the category of all vertex of cones
on the groupiod functor.

Theorem 4.2 (General van Kampen) The groupiod
∏
(X) is the colimit of O-shaped diagram in GP,

in mathematical words: ∏
(X) ∼= colimUi∈O

∏
(Ui)

Proof To construct a proper proof, we have to verify the universal property of colimits. Fundamental
groupiod functor restricted on the cover is a map between two categories O −→ GP, which is a O-shaped
diagram. The theorem is saying

∏
(X) is colim(

∏
|O). We have to show, ∀G ∈ GP and the family of

φi :
∏
(Ui) −→ G, ∃!Φ :

∏
(X) −→ G such that φi = Φ ◦ ιi for every i, where ιi is the morphism induced

by the inclusions of subsets in category O under functor
∏

|O .
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∏
(U1)

∏
(U2)

colim
∏

|O =
∏
(X)

G

∏
(↪→)

ι1

φ1

ι2

φ2

∃! Φ

Our proof includs two steps. First we have to define the morphism Φ :
∏
(X) −→ G then show it is

unique. Be careful that we are working in the category of groupiod, which means any morphism between
two objects is a functor, thus our map should both consider the image of objects and morphisms. ob

∏
(X)

is points of X, ∀x ∈ X, ∃Ui ∈ O s.t. x ∈ Ui. So it is natural to define

Φob(x) := φi(x), for x ∈ Ui

It is well-defined by the closed of intersection in O. For x ∈ Ui∩Uj , we have two inclusions ιi : Ui ↪→ Ui∩Uj
and ιj : Ui ↪→ Ui ∩ Uj implies φi(x) = φi∩j(x) = φj(x), so it is independent of the choice of Ui.
The morphism map is somehow similar, notice that mor(

∏
(X)) are the homotopy class [f ] : x −→ y of

the path. As f([0, 1]) is compact and O covers X, by Lebesgue’s Covering Lemma we have a subdivision
0 = t0 < t1 < ... < tn = 1 and {Ui1, Ui2, ..., Uin} ⊆ O such that f([tk−1, tk]) ⊂ Uik . We get a homotopy
subclass on Uik by restricting our f on the interval [tk−1, tk] and we get fk such that [f ] = ∗nk=1[fk]

where fk is a path in Uik form xk−1 to xk. After those set up we can define the morphism map of our
Φ :

∏
(X) −→ G

Φmor[f ] := φin([fn]) ◦ φin−1
([fn−1]) ◦ ... ◦ φi2([f2]) ◦ φi1([f1])

It is independent of the choice of Ui again by the closed intersection of our cover thus it is well-defined.
Now we can verify the universal property of the given functor which is the uniqueness of given Φ. Suppose
there is another functor Ψ :

∏
(X) −→ G such that φi = Ψ ◦ ιi for every i.

Consider any x ∈ X, there is x ∈ Ui for some Ui ∈ O which gives the induced inclusion map ιi(x) = x.
So

Ψ(x) = Ψ(ιi(x)) = φi(x) = Φ(x)

which says the two functor have same image on ob(
∏
(X)). For any [f ] ∈ Hom∏

(X)(x, y), we have the
same subdivision [f ] = ∗nk=1[fk], thus Ψ([f ]) = Ψ([f1] ∗ [f2] ∗ ... ∗ [fn]) = Ψ([fn]) ◦ ... ◦ Ψ([f2]) ◦ Ψ([f1]).
Notice that [fk] in Hom∏

(Uik
) so it is the same after applying the functor induced by the inclusion map,

that is [fk] = ιik([fk]) ∈ Hom∏
(X). In conclusion we have

Ψ([f ]) = Ψ([fn]) ◦ ... ◦Ψ([f2]) ◦Ψ([f1])

= Ψ(ιin [fn]) ◦ ... ◦Ψ(ιi2 [f2]) ◦Ψ(ιi1 [f1])

= φin([fn]) ◦ ... ◦ φi2([f2]) ◦ φi1([f1])

which is exactly Φ([f ]). Thus the universal property is verified. □

The detaily proof above is not hard to understand, the key to verify the universal property for
categorical objects is to construct a proper one based on what we already have. For those categorical
expert one should really easy to follow the proof just by understand four equations of the definitions and
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verifications. The diagram below review our proof and picture what we are working on so far.

x y

∏
(Ux)

∏
(X)

∏
(Uy)

x1 x2 y1 y2

Φ(x) = φx(x) ◦ Φ(y) = φy(y)

G

[f ]

Φ Φ

ιx

[fx]

φx

ιx

φx

ιy

[fy ]

φy

ιy

φy

φx([fx])

Φ([f ])=Φ([fx]∗[fy ])=φy([fy ])◦φx([fx])

φy([fy ])

Proof by veriying the universal property is not hard� but our proof is somehow different because our
working is in the category of groupiod GP. Every groupiod is a category so the morphism between any
two is a functor, which means we have to verify the image both on objects and morphisms in specific
groupiod. If we move to the fundamental group version of van Kampen then will be more trivial.

Theorem 4.3 (Categorical van Kampen) The group π1(X,x) is the colimit of the O-shaped diagram
restricted on the cover π1|O : O −→ Grp, in mathematical words:

π1(X,x) ∼= colimUi∈Oπ1(Ui, x)

Proof (Categorical functor proof) The proof follows formally from our previous one but there is some
details we need to talk about. Our goal is the same that to verify the universal property, but this time
we focus on the category of group Grp. Recall we consider group as special groupiod with a single object
and the elements of group as the morphisms. We consider the localize functor:

Bx0 : GP −→ Grp
∀G ∈ ob(GP), Bx0(G) = HomG(x0, x0)

∀F ∈ HomGP(G,H), Bx0(F) = F|HomG
(x0, x0)

The definition for this functor on morphism is a restriction of F on the groupiod G which itself a category,
that is, F|HomG

(x0, x0) : HomG(x0, x0) −→ HomH(F(x0),F(x0)). By this functor for any elements in
our O-shaped diagram, we have Bx0(

∏
(Ui)) = Hom∏

(Ui)(x0, x0) = π(Ui, x0), the same to
∏
(X). We

have a bridge from GP and reconsider the last proof, the diagram below commutes

O GP Grp

Ui
∏
(Ui) π1(Ui, x0)

Uj
∏
(Uj) π1(Uj , x0)

∏
Bx0

∏
(∗)

ι

Bx0
(∗)

∏
(ι) Bx0

(
∏

(ι))

∏
(∗) Bx0

(∗)

In last proof we show
∏
(X) ∼= colimUi∈O

∏
(Ui) in GP, now if our functor Bx0

preserves the colimits in
GP then it is done. In mathematical, we want to show

G = Bx0
(colimUi∈O

∏
(Ui)) ∼= colimUi∈OBx0

(
∏

(Ui)) = H

10



where Bx0(colimUi∈O
∏
(Ui)) = π1(X,x0) and colimUi∈OBx0(

∏
(Ui)) = colimUi∈Oπ1(X,x0), for conve-

nience we use G and H to represent those two groups. Consider the mapping θ : H −→ G, for any
element in H is a loop [γ] ∈ Ui for some Ui ∈ O. By the inclusion functor Ji from Grp to GP,
Ji([γ]) ∈ Hom∏

(Ui)(x0, x0), then send to □

Proof (Categorical equivalence proof) Now we give another proof totally based on the power of cat-
egory. For Gp and Grp there are always two natural functors. One is the inclusion of categories
J : π1(X,x) −→

∏
(X), which sends a group as one single object ∗ to a specific basepoint x, and sends

the homotopy class of loops [γ] ∈ Homπ1(X,x)(∗, ∗) to the automorphism of x in
∏
(X). As a dual there

is a contract functor F :
∏
(X) −→ π1(X,x) with a set up that ∀y ∈ X there exists a chosen path

αy : x −→ y such that αx = cx is constant path, i.e. f(t) = x, ∀t ∈ [0, 1]. Moreover, for y ∈ Ui for some
Ui ∈ O lies entirely in Ui. These two functors are called categorical equivalence functors and each of
them is the inverse equivalence to the other, which one should easy to verify F ◦ J = IdGrp.
We shall assume our cover O is finite and then general to infinite case. And the idea of proof is simple
as the commutative diagram shows below, which we use F and J to build up a bridge between two colimts.

π1(U1, x0)

∏
(U1)

π1(X,x0)
∏
(X) G

∏
(U2)

π1(U2, x0)

i1

ψ1

π1(
∏

(↪→))

FU1

ι1

φ1

∏
(↪→) J ∃!Φ

ι2

φ2

FU2

i2

ψ2

For any y ∈ Ui by our set up to pick path x −→ y entirely in Ui, thus the functors travels three
categories ∏

(Ui)
FUi−−→ π1(Ui, x0)

ψi−−→ G

is an O-shaped diagram ψi◦FUi :
∏

|O −→ GP, notice that a group could also be considered as groupiod.
By the groupiod version of van Kampen, there exists a unique map in category of GP that Φ :

∏
(X) −→

G such that ψi ◦FUi
= Φ ◦ ιi for all i. By the uniqueness of Φ and the bridge J : π(X,x0) −→

∏
(X), we

have a unique homomorphism Ψ = Φ ◦ J as required, which satisfies the universal property of colimits
that Ψ ◦ ii = ψi, where ii is the inclusion from π1(Ui, x0) to π(X,x0) induced be the inclusion as sets,
and ψi is the map π1(Ui, x0) to G similar to φi before in GP.
Our work in not done yet, we have to general to infinite case. For a infinite cover O we have F as the set
of those finite subsets in O which closed under finite intersection. For specific subset S ∈ F , we denote
the union of Ui ∈ S as US and it is clear that S is a cover of US . Moreover the F is again a finite cover
can be considered as a category of O in finite case, so we have

colimUi∈Sπ1(Ui, x0)
∼= π1(US , x0)

colimSi∈Fπ1(USi
, x0) ∼= π1(X,x0)

Now for any infinite cover O we subdivide to F and by arguement before any loops in X has image in
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some US , so all we need to prove is

colimUi∈Oπ1(Ui, x0) ∼= colimSi∈Fπ1(USi , x0)
∼= colimS∈F colimUi∈Sπ1(Ui, x0)

The iterated colimt is isomorphic to the single colimit colim(Ui,Si)∈(O,F)π1(Ui, x0). The category (O,F )

has morphism (U1, S1) −→ (U2, S2) if both U1 ⊂ U2 and US1 ⊂ US2 . So there is a natural inclusion
functor that I : O −→ (O,F ) where the diagram below commutes

U1 (U1, {U1})

O (O,F )

U2 (U2, {U2})

I

I

where I sends Ui to its singleton set {Ui} in F . One should easily verify the only difference between O

and (O,F ) is that for a homomorphisms π1(U1, x0) −→ π1(U2, x0), it only applys in O once but many
times in (O,F ) with the same result comes out, there is no new contribution to our colimit. On the other
side is more trivial, by projection gives us the function P : (O,F ) −→ O. Those functors composite with
π1 : O −→ Grp gives us the isomorphism

colimUi∈Oπ1(Ui, x0) ∼= colim(Ui,Si)∈(O,F)π1(Ui, x0)

π1(U1, x0) π1(U1, {U1})

U1 (U1, {U1})

colimUi∈Oπ1(Ui, x0) colim(Ui,Si)∈(O,F)π1(Ui, x0)

U2 (U2, {U2})

π1(U2, x0) π1(U2, {U2})

ι1 (ι1, I1)

π1

I

π1

P

I

π1

P
π1

ι2 (ι2, I2)

The commutative diagram shows clearly how two easy functors between O and (O,F ) build up the
isomorphism. And our prove end up with

colimUi∈Oπ1(Ui, x0) ∼= colim(Ui,Si)∈(O,F)π1(Ui, x0) ∼= colimSi∈Fπ1(USi
, x0) ∼= π1(X,x0) □

What’s so intersting is that to be reversed, recall that F :
∏
(X) −→ π1(X,x0). If we have uniquely

Ψ : π1(X,x0) −→ G restricts to ψi on each π1(Ui, x0), then Ψ◦F :
∏
(X) −→ G restricts to ψi◦FUi

which
is exactly φi, meaning it is the way to prove groupiod version if we can prove group version constructivly,
the van Kampen in groupiod and groups are equivalent.

4.3 Cofibrations
For a inclusion i : A ↪−→ X of spaces, we say it has the homotopy extension property for a space Y

if every homotopy H : A× [0, 1] −→ Y and for every map f : X −→ Y with f(i(a)) = H(a, 0) for every
a ∈ A, there is a homotopy Ĥ : X × [0, 1] −→ Y such that Ĥ(i(a), t) = H(a, t) and Ĥ(x, 0) = f(x) for
all a ∈ A, x ∈ X, t ∈ [0, 1]
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Definition 4.3 (HEP) An inclusion i : A ↪−→ X has a homotopy extension property if for any space Y ,
i has the left lifting property which makes the diagram commutes

A Y [0,1]

X Y

H

i ev0
∃H̃

f

5 Covering Space

5.1 Covering Space
We have already talked about the fundamental group and fundamental groupiod for topological space,

then comes up with van Kampen theorem to calculate the fundamental structure for some nontrivial
space. What we more focus on is the equivalent description to van Kampen theorem, show us the power
of categorical language also give us some intuition to homotopy theory.

Now we come to covering space, recall how we prove π1(S1) = Z by covering the real line R circle
by circle to S1. But covering space is more than that to compute fundamental group. Unlike any other
textbook, we will see covering space in categorical language and in homotopic way.

Definition 5.1 (Evenly Covering Space) An evenly covering space for space X consists a pair (X̂, p)

such that p : X̂ −→ X is surjective and ∀x ∈ X, there is an open neighborhood Ux where

p−1(Ux) =
⊔
i∈I

Vi

for some disjoint open set Vi in X̂, and p|Vi
: Vi −→ Ux is homeomorphism for every i ∈ I. We call {Vi}

is the sheets of X̂ over X and Fx = p−1(x) ∈
⊔
i∈I Vi is a fiber of the covering p.

It should be mentioned that the difference between evenly covering space and covering space is that
the preimage of any neighborhood can be written as disjoint union or not. But in Algebric Topological
the covering we describe are almost all evenly, so in later words we consider cover is an evenly cover.
One should verify any homomorphism is a cover. Most classical example is the covering we used to
show π1(S

1) = Z by p = R −→ S1. We will see the strong connection between covering space and the
fundamental groupiod or group, the following theorem describes how p acts on the space.

Theorem 5.1 (Unique path lifting theorem) For a cover p : X̂ −→ X with e0 ∈ Fx0
where x0 ∈ X, we

have

∀f ∈ {f a path : I −→ X|f(0) = x0},

∃!g ∈ {g a path : I −→ X̂|g(0) = e0}

such that p ◦ g = f

Proof For a evenly covered base space X, if f lies entirely on the sheet Sx0 = {Vi} with respect to Ux0 ,
then g = q ◦ f where q is the homomorphic inverse of p such that q|Vi ◦ p|Vi = id|Vi, ∀Vi ∈ Sx0 , and
the uniqueness comes from the unique inverse for homeomorphism. For a general case, by Lebesgue’s
Covering Lemma I is compact that we can partition I by 0 = t0 < t1 < ... < tn = 1 according to the
covering, making f maps every closed [ti, tt+1] to an evenly covered neighborhood of f(ti), then by the
evenly cover case and induction we can obatin the unique lifting. □
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What the unique path lifting theorem means is that for the cover p : X̂ −→ X, any fundamental
points x0 in based space X lifted into the fiber Fx0

, and ∀ei ∈ Fx0
. This theorem give us the intuition

that the lifting also act on the homotopic calss of each path.

Corollary 5.1 For a covering p : X̂ −→ X and a homotopy in X that h : f ' f ′ start from x0 lifts
uniquely to a homotopy H : g ' g′ in X̂ start from e0.

Proof For the homotopy h : I× I −→ X, by Lebesgue’s Covering Lemma we can subdivide the compact
I × I into many subsquares each of which maps to a fundamental neighborhood of f , by Theorem 5.1
we see any paths in the homotopic class lifts to a unique path that h lifts uniquely to a homotopy
H : I × I −→ X̂ where f and f ′ lift to g and g′ with H : g ' g′ that H(0, 0) = e0, and one should be
easily verified that h = p ◦H. □

Proposition 5.1 The induced group homomorphism p∗ : π1(X̂, ei) −→ π1(X,x0) is a monomorphism,
for all ei ∈ Fx0

.

Before discussing the algebric structure of covering space, we first define two important covering space
according to special group structures.

Definition 5.2 Consider the covering p : X̂ −→ X. We say p is regular if π1(X,x0)/p∗(π1(X̂, ei)) is
still a group, p is universal if π1(X,x0)/p∗(π1(X̂, ei)) = π1(X,x0) and it is the normal subgroup of Z so
it’s regular.

Example 5.1 Any integer multiple winding of S1 is a normal cover, say if a covering wrap the S1 three
times it is easy to calculate p∗(X̂, ei) = 3Z. Moreover, the covering p : R −→ S1 is universal because R
is simply connected that π1(R, ei) = 0, we also call R is the universal cover of S1.

The relationship between covering space X̂ and based space X is defined on the structure of the
underlying fundamental groups. But we want to study the structure more specifically, says we should
generalize the idea of covering from topological space to any algebric objects. One way to do this is to
define the covering space on categories. Once we have the categorical covering, the induced homomor-
phism p∗ will become a covering contain more information rather than a mapping. The way to generalize
the covering space is working on the category called morphism category.

Definition 5.3 (Morphisms Category) Let C be any category and a x ∈ ob(C ), the morphism category
of C under x is a category x\C such that

Ob(x\C ) :=
∪

yi∈Ob(C )

HomC (x, yi)

which is all the morphisms in C that from x to others. For any f, g ∈ Ob(x\C ), f : x −→ y1, g : x −→ .y2

for some y1, y2 ∈ Ob(C ), then the morphism in x\C is defined as the compostion

Homx\C (f, g) := HomC (y1, y2)

which means the morphisms γ : f −→ g are the morphisms γ : y1 −→ y2 such that γ(f) := γ ◦ f = g

makes the diagram below commutes

x

y1 y2

f g

γ∈Homx\C (f,g)

γ∈HomC (y1,y2)
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The motivation of defining this is that we want to generalize our covering idea to fundamental group
or groupiod, as you can see both of them can be considered as categorical objects, so the covering should
be a functor.

Definition 5.4 (Covering of Groupiods) Let B and C be two small connected category, meaning the
objects form a set not a proper class, and any two object have at least one invertalbe morphism between
them. Then the covering between B and C is a surjective functor p : B −→ C such that

p : Ob(b\B) −→ Ob(p(b)\C )

is a bijection ∀b ∈ B. Similar to the covering of topological space, for a c ∈ C , the fiber of c is the set
Fc = {b ∈ B|p(b) = c} and ∀c ∈ C we have

p−1(Ob(c\C )) =
⊔
bi∈Fc

Ob(bi\B)

The objects in x\C is a set of morphisms of C with source x we denote is as StC (x), so the covering
restricts to the bijection p : StB(b) −→ StC (p(b)) and p−1(StC (c)) =

⊔
bi∈Fc

StB(bi).

The definition of covering of groupiods is strictly followed by the covering of topological space, with the
based point x0 changed to the morphism with source x0. We have the statement below naturally.

Proposition 5.2 The induced functor
∏
(p) :

∏
(X̂) −→

∏
(X) is a covering of groupiod if p : X̂ −→ X

is a covering of topological space.

Proof This is actually the same statement of Theorem 5.1 and Corollary 5.1 as long as consider any
path is a invertible morphism in the groupiod as a category. □

The key of algebric topology is to use algebric structure to study and verfy difference topological space,
and our main work is also trying to discover any potential example to build a bridge between difference
mathematical field. We will see how covering space and Galois theory connected to each other by the
underlying group of topological space through covering space. Now we will study more on the algebric
side of covering space.

Definition 5.5 (Automorphism group of groupiod) Let C be any groupiod, the automorphism of x ∈ C

are all the objects in x\C which from x sends to x itself and denoted as π(C , x), in mathematical words

π(C , x) := HomC (x, x)

It is obvious that if the C is any fundamental groupiod of a topological space then the automorphism
group is actually the fundamental group with respect to the chosen x0, that is

π(
∏

(X), x0) = Hom∏
(X)(x0, x0) = π1(X,x0)

So for any covering space p : X̂ −→ X we have the covering of underlying groupiod with the connected
of groups, the covering of groupiod indicate some information on groups.

Proposition 5.3 Let p : X̂ −→ X be a covering of topological space, then the induced morphism p∗ :

π(
∏
(X̂), ei) −→ π(

∏
(X), x0) is a monomorphism, where x0 ∈ X is the based point and ei ∈ Fx0

=

{ei}i∈I . Moreover, ∀ej , ek ∈ Fx0 , p∗(π(
∏
(X̂), ej)) is conjugate to p∗(π(

∏
(X̂), ek)) in π(

∏
(X), x0).

Proof The injectivity is trivial by the bijection of
∏
(p) on St(ei).

∏
(X̂) is a groupiod so there is a path

g : ej −→ ek, the conjugation is given by the p(g) ∈ π(
∏
(X), x0), that is

p∗(π(
∏

(X̂), ek)) = [p∗(g)] ◦ [p∗(π(
∏

(X̂), ej))] ◦ [p∗(g)]−1 □
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The proposition is saying the underlying group of based space at x0 is hiden in any copy of group at
ei ∈ Fx0

, when the covering space covers to X by p, all the group structure on Fx0
will onto the one

group at x0.

Proposition 5.4 The group p∗(π(
∏
(X̂), ej)) runs through all conjugates of p∗(π(

∏
(X̂), ei)) ∈ π(

∏
(X), x0)

as ej runs through Fx0 .

Proof This is trivial that the surjectivity of the groupiod covering functor
∏
(p) on St(ei) and apply the

same method in Proof 5.3 □

Now the connection between covering space of topological space and groupiod, together with the
underlying fundamental group is very clear as the commutative diagram shows below, we consider the
fundamental group of a space as the automorphism group under the groupiod category at specific object,
all our work is trying to build a categorical eyesight of algebric topology.

X̂
∏
(X̂) π(

∏
(X̂), ei) π1(X̂, ei)

X
∏
(X) π(

∏
(X), x0) π1(X,x0)

∏

p

π(C ,x)

∏
(p) p∗ p∗

underlying groupoid automorphism group

It is clear that the fundamental group of covering space should have a same corresponding relation
as groupiod, if we consider the group as the automorphism of the groupiod category under the covering,
then there should be some algebric relation between fundamental groups.

5.2 Covering space and Galois theory
Galois theroy is one of the most powerful algebric theory. Consider the quadratic equation ax2+ bx+

c = 0, we say x = −b±
√
b2−4ac
2a is the formula of solution, namely the radical. For any higher n degree poly-

nomial equation
∑n
i=0 aix

i = 0, the radical to this equation is a family of functions xi = fi(a0, a1, ...an)

which satisfies the equations, where any functions only required the operations of +,−,×,÷,√ . The
biggest contribution of Galois Theory is the proof of the non-existence of the radical for any equations
more than degree 5. In this chapter we will introduce some basic techique of Galois theory and see how
it is connected to covering space.

The genius idea of Galois is to connect every equations to its symmetric group. More precisly, every
equations’s spliting field has a Galois groups and the existence of radical is related to the Galois group is
solvable or not.

Definition 5.6 (Ring and Field) A ring R is a set with binary operation + and × where (R,+) is a
commutative group and × is associative and distributive over addition. A field F is a ring such that
(F\{0},×) is a commutative group.

The definition is not new to us, we have a classical field chain that O ⊃ H ⊃ C ⊃ R ⊃ Q ⊃ Fp where O
is the Octonions field and H is the Quaternions field, and Fp is the finite field or Galois field.

16


